At first a brief overview of the Finite Difference Element Method (FDEM) is given, above all how an explicit estimate of the error is obtained. Then for some academic examples the estimated and exact error are compared showing the quality of the estimate. The PDEs for fuel cells of PEMFC and SOFC type with extremely nonlinear coefficients are solved and the error estimate shows the quality of the solution. Finally for a complicated fluid/structure interaction problem of a high pressure Diesel injection pump, where the domain of solution has 3 subdomains with different PDEs and where a nested iteration procedure is needed, the PDEs are solved and the global error estimate shows the quality of the solution. For all these examples it would be very difficult to obtain a quality control of the solution by conventional grid refinement tests.
Introduction
The development of the Finite Difference Element Method (FDEM) at the computer center of the University of Karlsruhe has been supported by the German Ministry of Research (BMBF). The application of FDEM to the numerical simulation of fuel cells (FCs) has been supported by the Research Alliance Fuel Cells of the state Baden-Württemberg. In this paper we present a compilation of results of these projects.
Never before such problems have been solved with error estimates. So the emphasis of this paper will be on the error estimate: together with the solution we present values or plots for the error estimates. Because of the limited accorded space of the paper we cannot present all the details of FDEM and of the examples. However, we will give the precise information where these details are in the corresponding reports. As these reports are in the Internet, the reader can immediately have a look at them at his computer.
FDEM is an unprecedented generalization of the FDM on an unstructured FEM mesh. It is a black-box solver for arbitrary nonlinear systems of 2-D and 3-D elliptic or parabolic PDEs. If the unknown solution is u (t, x, y, z) the operator for PDEs and BCs (boundary conditions) is (2.4.1) and (2.4.2) in [1]:
For a system of m PDEs u and P u have m components:
Because we have a black-box solver, the PDEs and BCs and their Jacobian matrices of type (2.4.6) in [1] must be entered as Fortran code in prescribed frames. The geometry of the domain of solution is entered as a FEM mesh with triangles in 2-D and tetrahedra in 3-D. The domain may be composed of subdomains with different PDEs and non-matching grid. From the element list and its inverted list we determine for each node more than the necessary number of nodes for difference formulas of a given consistency order q. By a sophisticated algorithm from this set the necessary number of nodes is selected, see Sect. 2.2 in [1]. From the difference of formulas of different consistency order we get an estimate of the discretization error. If we want e.g. the discretization error for u x and u x,d,q denotes the difference formula of consistency order q, the error estimate d x is defined by
i.e. by the difference to the order q + 2. This has a built-in self-control: if this is not a "better" formula the error estimate shows large error.
With such an error estimate we can explicitly compute the error of the solution by the error Eq. (2.4.8) in [1] . The knowledge of the error estimate allows a mesh refinement and order control in space and time (for parabolic PDEs), see Sect. 2.5 in [1] .
A special problem for a black-box solver is the efficient parallelization because the user enters his domain by the FEM mesh. We use a 1-D domain decomposition with overlap to distribute the data to the processors, see Sect. 2.8 in [1] . We use MPI. A detailed report on the parallelization is [2]. The resulting large and sparse linear system is solved by the LINSOL program package [3] that is also efficiently parallelized for iterative methods of CG type and (I)LU preconditioning.
